Abstract The paper presents the wavelet-based discretization of the linearized finite-strain beam theory which assumes small displacements, rotations and strains but is capable of considering an arbitrary initial geometry and material behaviour. In the numerical solution algorithm, we base our derivations on the vector of strain measures as the only unknown functions in a finite element. In such a way the determination of the beam quantities does not require the differentiation. This is an important advantage which allows a wider range of shape functions. In the present paper, the classical polynomial interpolation is compared to scaling and wavelet function interpolations. The computational efficiency of the method is demonstrated by analyzing initially curved and twisted beams.
Introduction
The wavelets have received an increased attention in the last decade in various engineering disciplines. They have proven to provide a suitable mathematical background for signal processing, processing of images, pattern recognition, diagnosing and monitoring the disturbances, and similar problems. The generality of their applicability stands directly on the attractive properties the sets of wavelets have: periodicity, orthogonality and linear independency. For the theoretical foundation of the wavelet theory, the reader is referred to the mammographies by Chui [2] and Daubechies [3] .
The finite element method was successfully combined with the wavelet theory in numerical solutions to Dirichlet problem [18] and Navier-Stokes equations [17] . Several reAddress(es) of author(s) should be given cent publications deal with the wavelet implementation in the finite element structural analysis, e.g. [4] , [7] , [10] , [21] .
We would like to point out that there exists a large number of types of scaling and wavelet functions, which, unfortunately, could not be expressed explicitly in a general way and do not have proper interpolation properties. That is why the implementation of the wavelets in the finite-element theories is non-trivial and often demands some additional theoretical work to be done. One of the implementations is the wavelet-Galerkin method, which demands the shape functions to be expressed in a form of a product of wavelet functions and wavelet coefficients. In such an approach, the relation between the wavelet coefficients and the physical quantities is non-trivial, which makes it difficult to treat element boundary conditions. Alternatively, an additive-type, splinewavelet-based interpolation was proposed by Han, Ren and Huang [4] to resolve this difficulty for conventional displacement-based finite elements.
In the present paper we follow the idea by Han, Ren and Huang and incorporate the additive-type wavelets in the strain based finite-element formulation of spatial beams. In contrast to [4] the present formulation is based on the variant of wavelets presented by Prestin and Quak [11] , [12] . The related set of the scaling functions (of any order) and the corresponding set of wavelets not only preserve the properties of the wavelets (they represent the orthonormal base functions), but also possesses two additional properties of an utmost importance in the finite-element implementation: they can be expressed explicitly and have interpolation properties.
There are several reasons for incorporating non-standard shape functions into beam theories. It is well known that in standard interpolation of unknown functions with Lagrange polynomials higher order approximation provides better results, especially in the case of curved beams, see e.g. [5] . It is however not often discussed the use of high order Lagrange polynomial might lead to the convergence problems. In contrast to polynomials the wavelet functions are expected to be numerically stable regardless the order of approximation, to better describe local behaviour and are suitable for mesh refinement. The use of wavelets could be of even more beneficial in dynamic problems.
In the present paper the wavelet-based discretization will be applied to the linearized finite-strain beam theory [23] which assumes small displacements, rotations and strains but is capable of considering an arbitrary initial geometry and material behaviour. In the numerical solution algorithm, we base our derivations on the vector of strain measures as the only unknown functions in a finite element. In such a way the determination of the beam quantities does not require any differentiation. This is an important advantage compared to formulations where the derivatives of the shape functions are needed. The efficiency and numerical stability of our approach will be proved by numerical examples.
Scaling and wavelet interpolation

Scaling functions
We follow the approach of Quak [12] , and Prestin and Quak [11] , and introduce the scaling functions
where
for x ̸ = 2kπ and ϕ j,0 (x) = 1 if x = 2kπ; k is an arbitrary integer and n a non-negative integer. We will denote by V j the vector spaces, spanned by scaling functions ϕ j,n :
V j are the vector subspaces of the 2π-periodic square-integrable functions L 2 2π . It is easy to see that dimension of each space V j equals 2 j+1 and that the spaces V j are nested ( V j ⊂ V j+1 ). The interpolatory properties follow directly from the definition of scaling functions. If we define a set of nodes on the interval [0, 2π)
where m is non-negative integer, we can observe that Another interesting and useful property of the scaling functions concerns the change of index in discrete points, e.g.
Due to the interpolatory properties of ϕ j,n , we can define the interpolation of an arbitrary real-valued L 2 2π function f as
For illustration, the graphs of four base functions spanning V 1 are presented in Figure 1 . We would like to emphasize that the sum of the base functions equals 1 at each level j. This means that a constant can be exactly approximated by the above type of interpolation.
Wavelet functions
In accordance with the wavelet theory, the wavelets are constructed as the linear combination of scaling functions:
It is obvious from (8) that ψ j,n ∈ V j+1 and we can observe that ψ j,n also have interpolatory properties. The corresponding nodes are the midpoints between x j,m ; they represent 2 j+1 equally-spaced points on the interval [0, 2π):
3 At the set of points y j,m we have
Consequently, the interpolatory properties of ϕ j+1,2n+1 result in a simple expression for the values of wavelets at x j,m :
In addition to the vector spaces, spanned by the scaling functions, we define the spaces W j , spanned by wavelets ψ j,n :
Due to the interpolation properties of wavelets, we can also define the interpolation of an arbitrary real-valued L 2 2π function f as The wavelets for j = 1 are shown in Figure 2 . It is interesting to observe that the sum of the wavelet functions equals a cosine function, i.e.
. This result can be of an utmost importance in the analysis of naturally curved and twisted rods, where the cosine function is typically a part of the analytical solution (see [23] for further details).
Decomposition sequences
The main motivation in decomposition sequences is to use both scaling functions and wavelets, as the shape functions. Thus we are capable of accurately solving the problem, whose solution can be expressed as the linear combination of a constant and a cosine function. We now explain the necessary mathematical background.
From the definition (8) follows that the vector space, spanned by wavelets, is the subspace of one degree higher vector space, spanned by scaling functions, i.e. W j ⊂ V j+1 . Moreover, W j is the orthogonal complement of V j , which is usually written in the form [3] 
where ⊕ denotes the orthogonal sum of vector spaces. The orthogonality of V j and W j means that the scalar products of the base functions in L 2 2π are zero:
We have found out that both {ϕ j+1,n ; n = 0, . . ., 2 j+2 − 1} and {ϕ j,n , ψ j,n ; n = 0, . . ., 2 j+1 − 1} are orthonormal bases of the vector space V j+1 . Thus an arbitrary vector from V j+1 can be expressed in either of the two bases. For the interpolation of an arbitrary function with combined scaling and wavelet functions, it suffices to find the connection between the two bases.
From the properties of the interpolatory operator (7) we have
Again, the property ϕ j,n ( 2sπ 2 j+1 ) = δ n,s was used. The periodicity of scaling functions yields
which finally results in
Further, if we take into account the index transformation (6), the result reads
Let ϕ ϕ ϕ j denote the vector
Let permutation P reorder the components in the vector of scaling functions ϕ ϕ ϕ j+1 with respect to even and odd indices n:
Then we are able to re-write the results (16) and (17) in a more convenient matrix form:
D D D j is the so-called reconstruction matrix, which has for the chosen wavelets the following form
where I I I j is the identity matrix of size 2 j+1 − 1 and the elements of Z Z Z j are given by
The argument (n, s) denotes the element of matrix in row n and column s. An arbitrary function f j+1 ⊂ V j+1 can be uniquely written as
If we express the functions with respect to the bases of the corresponding vector spaces, we have
By comparing the coefficients and taking (19) into account, it yields
The above result represents one step of the decomposition. If repeated, we obtain the wavelet coefficients b b b η for η = 0, . . . , j and a pair of scaling coefficients a a a 0 . In such a way the interpolation is expressed with wavelets of various order and the lowest level scaling functions. Shape functions for the decomposition-based interpolation of order 2 3 are presented in Figure 3 . It is obvious that the localizations can particularly be well described by such an interpolation. 
Governing equations of the beam
The complete set of Reissner's beam equations [13] consists of the constitutive equations (27)-(28), the equilibrium equations (29)-(30) and the kinematic equations (31)-(32) (see [22] , [23] ):
The related static boundary conditions are Here, the prime ( ′ ) denotes the derivative with respect to the arc-length parameter of the reference line in the initial configuration, x, and "×" marks the cross vector product. The meaning of the notations used in the above equations is described below (see also Figure 4 ):
} spanning the physical space of the beam; G orthonormal basis
spanning the cross-sectional planes; N N N, M M M stress-resultant force and moment vectors over the crosssection; C N , C M operators describing material of the beam; γ γ γ translational strain vector (γ γ γ G1 is the extensional strain, γ γ γ G2 , γ γ γ G3 are shear strains); κ κ κ rotational strain vector (κ G1 is the torsional strain, κ G2 , κ G3 are the curvatures); r r r position vector of the reference line of the beam; R R R both rotation matrix from g to G (i.e., R R R = I I I + sin ϑ
) and coordinate transformation ma-
; ϑ ϑ ϑ rotational vector whose axis coincides with the axis of rotation and whose length equals the angle of rotation; Θ Θ Θ skew-symmetric matrix Θ Θ Θ composed from its axial vec- 
It is found useful to replace the cross vector product by the adequate matrix product. After we introduce the skewsymmetric matrix S S S (v v v) formed from the components of vector v v v, the cross vector product v × u v × u v × u can be written as:
4 Linearized equations of the beam
Mathematical background
Mathematically, equations (27)-(32) introduce 24 scalar functionals, dependent on the (primary) unknowns r r r g (x), ϑ ϑ ϑ g (x) , 
This equation holds in the linear vector spaces. The linearization of a functional in non-linear spaces requires a different procedure. In our case the rotation matrix R R R is expressed in terms of the non-additive rotational vector ϑ ϑ ϑ g (see [1] , [6] for further details). If the change of ϑ ϑ ϑ g is denoted by αδϑ ϑ ϑ g , the rotational operator at the perturbed value of its argument is the product R R R (α δϑ ϑ ϑ g )R R R (ϑ ϑ ϑ g ), so that the difference between the original and the perturbed value of the rotational operator is
The Gâteaux variation of R R R then follows from the definition [19] :
where δΘ Θ Θ means the skew-symmetric matrix, whose components are formed from its axial vector δϑ ϑ ϑ g . When multiplied by an arbitrary vector, u u u, equation (42) 
Linearization of equations of the beam
The linearization of the constitutive equations gives:
Here the components of matrices C C C γγ , C C C γκ , C C C κγ , and C C C κκ are the partial derivatives of C N and C M with respect to the components of γ γ γ G and κ κ κ G : 
Here, it is assumed that n n n g (x) and m m m g (x) do not depend on the unknown functions. Note that the derivation of equation (51) from (32) is not straightforward. The proof can be found in [6] or [22] . We assume that the geometry of the beam and its strains in the initial configuration y y y 0 are arbitrary, yet kinematically exact, so that equations (31)-(32) are identically satisfied (i.e., f f f 5 (y y y 0 ) = f f f 6 (y y y 0 ) = 0 0 0). Such a beam is called a naturally strained (extended, curved and twisted) beam. We also assume that, in the initial configuration, stress-resultant vectors are identically zero, N N N g (x) = M M M g (x) = 0 0 0. The set of linearized equations then takes the form
δr r r
All the quantities are dependent on parameter x, which was left out from equations for the sake of clearness. The linearized form of static boundary conditions reads
The set of equations (52)
-(61) can further be reduced by integrating equations (54)-(57). By rearranging the terms in (56)-(57) and considering (31) and (43) we obtain
δr r r g = δr r r
Inserting (62) into (63) yields δr r r g = δr r r
Integration of (54)-(55) with consideration of (37) results in
The final form of the linearized equations of three-dimensional beam then reads
Equations (67) 
Several options will be tested for interpolation functions: (i) scaling functions (1), (ii) wavelet functions (8) , and (iii) the combination of scaling and wavelet functions with respect to the decomposition (19) .
The discretization of equations (67)- (68) is achieved by satisfying them at 2 j+1 pre-selected discrete points x q ∈ [0, L]; q = 1, . . ., 2 j+1 , not necessarily coincidental with any of the interpolation points. In the present paper, 2 j+1 Gaussian points are chosen as suitable collocation points for (67)-(68). Note that the Gaussian points are chosen for both discretization and numerical integration, which is suitable for the implementation of the numerical integrals in the algorithm. The interpolation and discretization lead to 2 j+1 + 6 algebraic equations for 2 j+1 + 6 unknown vectors r r r 0 g , ϑ ϑ ϑ
The upper index q denotes the discrete value of a quantity at the discretization point x q . The system of equations (77)- (84) is linear algebraic with known coefficients, thus it is easy to be solved.
Numerical examples
We present several numerical examples in order to demonstrate the accuracy and stability and compare the wavelet beam formulation to various polynomial formulations. In accord with the theoretical assumption arbitrary finite initial bending and/or twisting curvature of the beam can be prescribed at the unloaded initial configuration, but only a small loading is allowed to be applied in order to achieve small displacements, rotations and strains. In order to present the full benefit of the wavelet-based discretization, we take only a low number of elements in the mesh, while simultaneously employing elements of high orders. The rate of an element is described by j; then the number of interpolation points is 2 j+1 . For each j, the results, obtained by Lagrangian interpolation functions, scaling interpolation functions, and wavelet-based decomposition functions are presented.
The operators C N and C M in (27)-(28) are taken to be linear, so that the cross-section constitutive tangent matrix reads
E and G denote elastic and shear moduli of material; A x is the cross-sectional area; J t is the torsional inertial moment of the cross-section; A y and A z are the effective shear areas J yz is the product moment of inertia of the cross-section. Please note that in the beam model the choices of the parameters in cross-section constitutive tangent matrix are arbitrary quantities. It has been, however, observed by many researchers that the values of shear areas and torsional moment of cross-section can considerably affect the results. For the method of evaluation the torsional inertial moment and the shear areas in the case of an arbitrary cross section the reader is referred to the papers by Sapountzakis and Mokos [14] , [15] .
Cantilever beam
We consider a straight in-plane cantilever, subjected to a point moment at its free end ( Figure 5 ). The geometric and material properties are as follows:
The cantilever under free-end moment. The results for the free-end moment of magnitude M Y = 100 are shown in Table 1 .
In Table 1 we compare the vertical displacement and the rotation at the free end; the exact linear solution is also displayed. Note that the problem is linear with respect to the free-end rotation, thus even the lowest order interpolation should give exact solution for the free-end rotation. This is confirmed in the last column of Table 1 . The vertical displacements, obtained by different approaches and different orders of interpolation, are quite accurate. We can observe that a high order Lagrangian interpolation is not a suitable choice. The relative error of Lagrangian approach for j = 5 is about 8% for vertical displacement and the method is divergent for j = 7. No such sensitivity can be observed for scaling functions and wavelet decomposition functions. A somewhat lower convergence rate of results is observed for the wavelet decomposition. We consider an elastic cantilever beam with the centroidal axis in the form of the circular arc with the central angle π and radius R = 5 ( Figure 6 ). The cross-section of the beam is circular with radius r = 0.015. Material moduli are E = 0.207 · 10 12 and G = 0.95 · 10 11 . The cantilever is subjected to the vertical force F Z = 100 at the free end, which causes the out-of-plane deformation.
Results for a single element are shown in Table 2 and for a mesh of three elements in Table 3 . Vertical displacements and rotations at the free end are presented. Present results are compared to theoretical and numerical results obtained by Tabarrok et al. [16] . The higher accuracy of rotations compared to the accuracy to displacements stems from simpler form of the analytical solution.
The present method gives excellent results also for a low number of elements or a lower order. By increasing the order of element we get more and more accurate results. This is, however, not the case in the Lagrangian polynomial-based formulation, where the divergence of higher order elements is observed. We should point out that the scaling functions and wavelet based formulations are stable for an arbitrary order of curved element. The horizontal force on circular cantilever arch with nonsymmetric cross-section results in spatial buckling of the arch. In this example we consider a quarter-circular cantilever with radius R = 250 (Figure 7) . The cross-section is non-symmetric; its geometry is given in Figure 7 . Material moduli are E = 1000 and G = 375.93. The cantilever is subjected to the horizontal force F = 1 at the free end, which causes the out-of-plane deformation. Displacements at the free end are shown in Table 4 . The results for the mesh of three elements with various orders and interpolation types are compared to the results, obtained by the fine mesh of 50 polynomial cubic elements. The present formulations gives accurate results for low and moderate order elements with all types of interpolation. It should be pointed out the divergence of high order Lagrangian interpolation based elements, while scaling and wavelet based formulations show no lack of stability with order increase.
Helical beam
Our last example is the most demanding. The centroidal axis of the beam is taken in the shape of a helix. The radius of the helix is R = 5 and the height is H = 5 ( Figure 8 ). Rotations about the vertical axis linearly increase from zero at the clamped point to 4π at the free end, thus the projection of the axis to the plane describes two circles. The cross-section and the material properties are the same as in example 6.2. Unit concentrated force is applied in vertical direction at the free end.
Results for three and five finite-element meshes are shown in Tables 5 and 6 three-point elements. For such a demanding initial geometry, the benefit of scaling and wavelet functions is obvious.
Not only that the initial geometry cannot be adequately described by Lagrangian interpolation, the numerical results diverge for higher orders of interpolation. In contrast, scaling functions and wavelets show good agreement with reference results of very fine mesh. Again we must point out the stability of scaling and wavelet based formulations with respect to order of interpolation.
Conclusion
We presented the wavelet based finite-element formulation of the consistently linearized geometrically exact spatial beam, in which the initial geometric shape of the axis and the twist of the cross-sections are arbitrary. We have established that:
(i) The scaling functions and wavelet based decomposition can be a suitable choice of shape functions in finiteelement formulations. (ii) It is suitable to employ the explicit scaling functions and wavelets with interpolatory properties. (iii) Scaling functions and wavelet based formulations are numerically stable for an arbitrary order of straight and curved elements. They proved to be privileged for demanding initial geometry. (iv) The stability of the numerical solution regarding the order of interpolation indicates that such a formulation is appropriate when the mesh refinement is needed.
